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212 V. BARCILON

We consider the problem of reconstructing the flexural rigidity r(x) and the density
p(x) of a beam. The unknown beam is assumed to have a free left end and a clamped
right end. The data consist of the displacement and angle of the centre line of the
free left end after an initial impulse. The information content of this seismogram-like
impulse response is equivalent to three spectra {w,}, {,}, {#,} and two gross constants
F,, F,. These data do not specify the structure of the vibrating beam uniquely, but
rather a class of beams. All the beams in this class share the same structure over that
portion of their length which is actually set in motion; they can differ over the portion
that is stationary. A method for constructing r(x) and p(x) is presented. It consists
of two steps. First p(x) and r(x) are determined over a small interval (0, x) adjacent

AL B

s § to the free left end. Next, this known portion of the beam is stripped off and the
— response of the resulting truncated beam is computed via the initial data. The pro-
;5 . cedure is then repeated. Finally, the question of the existence of a solution is discussed.
o More specifically, conditions on {w,}, {»,} and {g,} are given that ensure that r(x)
= H and p(x) are physically meaningful.

|
= O
T O
Hw

INTRODUCTION

This paper is devoted to a review of the current status of the inverse problem for a vibrating
beam. This inverse problem consists of reconstructing the flexural rigidity 7(x) and the density
p(x) as functions of position x, from data associated with natural frequencies of vibration of
the beam.
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The reconstruction of r(x) and p(x) is made without assuming any a priori knowledge about
the structure of the beam. Consequently, this approach differs from the traditional approach
for the geophysical problem dealing with the reconstruction of the internal structure of the
Earth from data on toroidal and spheroidal oscillations. There, the spectral data are used to
correct a model that incorporates knowledge from travel time, surface waves, etc. Thus, the
Backus-Gilbert technique, which is ideally suited for such correcting tasks, is not suitable here.

This geophysical problem is a primary motivation for the investigation of the inverse problem
for a vibrating beam. Indeed, if one neglects the gravitational force, the rotation, the oblateness,
etc. and considers the Earth as an elastic, radially stratified sphere, then its normal modes are
of the two types previously alluded to, namely the spheroidal modes and the toroidal modes.
4 The latter are governed by a second-order equation of Sturm-Liouville type whereas the
, former are governed by a fourth-order system. The bulk and shear modulii as well as the

— density, which characterize the elastic properties of this idealized Earth, are assumed unknown.
3
y prop )
;5 P The inverse problem consists of retrieving these characteristics. To understand this difficult
O H inverse problem, it might be helpful to consider simpler inverse problems, and, in particular,
[~ E simpler inverse problems associated with fourth-order equations since the inverse Sturm-—
= O Liouville problem is well understood. The inverse problem for the vibrating beam as described
E 9) by the Bernoulli-Euler theory is the ideal candidate. The shortcomings of this theory ought not to

preoccupy us: indeed, we are primarily interested in dealing with the simplest inverse fourth-
order eigenvalue problem, and only secondarily in the beam per se.

This problem can also be viewed as an example of an inverse problem associated with a
class of differential operators of order 27, namely

0 d_ d d_d d_d
gg,,:(-—l) doadla}...(ﬂ@nd—x...d—x%a}ao,
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INVERSE PROBLEM FOR THE VIBRATING BEAM 213

where all the a are positive. For certain boundary conditions, the Green functions associated
with these operators are oscillating kernels. The theory of such kernels plays an important role
in the solution of the inverse problem.

The outline of the paper is as follows. In §1 we shall introduce various fundamental solutions
of the equation for the vibrating beam, and state some of their properties. We shall also
introduce five eigenvalue problems associated with the same beam but with different boundary
conditions at the left end. A central role will be played by the problem for the beam in the
free—clamped configuration, namely

dx2[ (%) dwn] = hp(X) Yy, 0 <x <L,

Yy =(yY") =0 at x =0,
Y=y =0 at x= L.

The question of the uniqueness of the inverse problem is taken up in §2. More specifically, we
shall investigate whether the displacement and slope of the central line at the left for all time,
i.e. the impulse response, determine 7(x) and p(x) uniquely. We shall see that the information
contained in this impulse response is equivalent to the knowledge of the spectrum {w,} of the
free-clamped beam and of two other spectra, {v,} and {u,} defined in §1, as well as of two
gross constants F; and F, where
L yn
Fn = o ;-@de, n = 1,2.

We shall show that if two beams with densities p(xV) and p®(x®) and rigidities 7@ (x®)
and r®(x®); where x® € (0, L®) and x® e (0, L®) have the same impulse response, then

[pD(x®(£))1F [r®(x®(£)) 13 PP (x(E)) /I
= [p® () BIr@ () PR @) /1P, n=1,2, ...,

where £ = EW(xW) = J‘w(l) [ f((ll:((tt))] Q&
and £ = £O(x®) = J‘:z) [f(i)((tt))]idt

As a consequence of these identities, we shall deduce that if L&) < L®), then

pV(x) = p®(x)
rD(x) = r@(x)

and pA(x) = 1/r®(x) = 0 for xe (LW, L®),

} for xe (0, LW),

In other words, the impulse response determines a class of beams. The beams in this class
have the same massive front end, and a weightless, infinitely rigid back end of arbitrary length.
There is a unique non-singular beam without any back end. The actual construction of this
beam is presented in §3. This construction is best made by dealing not with the original
equation governing the vibrating beam, but with the auxiliary set of equations:

I'=r1, Y =20, 0 =K,
K =r1D—-w?l, D' =-wpY.
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214 V. BARCILON

The auxiliary fields , ¥, @, K and D are closely related to the data {w,}, {»,}, {#.}, F; and F,.
In particular,

V(0,08 =PI K T (1-5).

n

[ 2
6(0, 09 = (L) K TT (1-%),

n=1

0 w2
D(0, 0?) = r*(L) TI (1 _-E).
n=1
We shall see that /(0, w?) and K(0, w?) can also be expressed in terms of the impulse response
data. By exploiting the dependence of these fields on w?, we shall be able to infer p(x) and r(x).
This dependence on w? is polynomial for discrete beams of the form

N 1 N
p(x) = ? mia(x_xi), ",—(;5 = ?ﬁa(x—xi)’

i.e. for beams made up of N clothes-pins of mass {m,}Y’ and stiffness { f;'1}¥, connected by weight-
less, infinitely rigid rods of lengths {/,}{'*?, where

li = % — %

We take advantage of these results by first approximating our unknown beam by a discrete
one with N —1 degrees of freedom for which {m;}, {/;} and {/;} are easily found, and then by
considering the limit N — co. This construction procedure fails if the data are not bona fide.
We shall derive some necessary conditions that bona fide data must satisfy and discuss the
need for others.

NoTATION

forcing; flaccidity of clothes-pin (discrete beam)
arbitrary function in e-igenfunction expansion
constants of proportionality between eigenfunctions
separation of clothes-pin (discrete beam)

mass of clothes-pin (discrete beam); index

flexural rigidity

Laplace transform variable

NhﬁgN\?yhﬂ\
B
*

time, dummy variable of integration

\;
<

fundamental solutions of equation for vibrating beam
coordinate

generic displacement of beam; modal shape

auxiliary function associated with free-clamped configuration

e
o

zero, first and second moment of flaccidity

Green function

auxiliary function associated with clamped-clamped configuration
auxiliary function associated with non-self-adjoint-clamped configuration
auxiliary function associated with Rayleigh—clamped configuration
length of beam

ZNN\NQ;JGQR

Green function for non-self-adjoint eigenvalue problem
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INVERSE PROBLEM FOR THE VIBRATING BEAM 215

eigenfunctions of canonical fourth-order problem

Wronskian

st e (p\t .

= =) dx, W.K.B.]. variable

2% 0o \7

auxiliary variable associated with supported-clamped configuration
dimensionless variable for homogeneous beam

forcing; eigenfunctions in (3.7)

N~ = IS

slope of centre line

eigenfrequencies of clamped-clamped beam

o eigenfrequencies of supported—clamped beam

v, eigenfrequencies of non-self-adjoint-clamped beam

>~ D

B

1
£ fx (5) dx, coordinate in canonical fourth-order problem
0

0} X(L)

P density

o, eigenfrequencies of Rayleigh—clamped beam

T stress

) fundamental solution of equation for vibrating beam
X moment

W fundamental solution of equation for vibrating beam
w; W, frequency; eigenfrequencies of free-clamped beam

L 3
E f (B) dx
0o \7

(] auxiliary function for non-self-adjoint-clamped configuration
A, eigenvalues in (3.5)

DY fundamental solutions: linear combinations of , v, ¢ and ¥
Q Green function for free-clamped beam

1. PRELIMINARY RESULTS

We shall be concerned with various solutions of the equation

dz dz
P [r(x) ch?} = w?(x)y, 0<x < L. (1.1)

The flexural rigidity 7(x) and the density p(x) are non-negative functions, i.e.
") > 0, plx) > 0.

In the section dealing with the uniqueness of the inverse eigenvalue problem, we shall assume
that r(x) and p(x) are differentiable and in fact that they possess four derivatives. These
requirements are very restrictive and can be relaxed in places.

We also shall find it convenient to write (1.1) as a system of first-order differential equations,
namely dy _, d0_1 dr dy

_T’ —_— = —

2
de 7 dx 7 dr =~ % dx Py (1.2)

The variables 0, 7 and ¥ have a simple physical meaning: 0 is the slope of the central line,
7 is the stress and ¥ the moment.
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216 V. BARCILON

Several fundamental solutions of (1.1) will be useful in the sequel. In particular, we shall
define ¢(x, w?) and ¥ (x, ©?) thus:

¢(03 (‘)2)_1 = ¢I(Oa w2) = ¢”(O: w2) = ¢W(O’ w2) = 0, (1.3&)
¥(0, 0%) = ¥'(0, 0w?) —1 = ¥"(0, 0?) = ¥"(0, w?) = 0, (1.35)

where primes denote derivatives with respect to x. The functions ¢(x, w?) and Y(x, ?) are
entire functions of w? of order }. (See Boas (1954, p. 8) for the definition of ‘order’.) To prove
this assertion one would show (i) that the Taylor series expansions of ¢ and  are convergent
throughout the entire complex w?-plane and (ii) that ¢ and  are dominated by entire func-
tions of w? of order }. The reader is referred to Titchmarsh (1962, pp. 6-11) where a similar
proof is given for the Sturm-Liouville equation.

The growth of ¢ and ¥ can also be seen from their asymptotic behaviour obtained by the
W.K.B.J. method:

B(x, —s) ~ [p3(0)r(0)/p3(x)r(x)]* cos X cosh X, (1.4a)
Vi =5) ~ o [ﬁﬁ?z)’:((g))r (cos Xsinh X+sin Xcosh X), |s| >0,  (1.4B)
where X = ‘;—i : (5)i dx. (1.5)

By replacing s by —w?, we see that the entire functions ¢ and ¥ are indeed of order }.
The functions ¢ and ¢ are particularly well suited for studying the vibrations of a beam
with a free left end, i.e. a beam satisfying the boundary conditions

g = () =0 at x =0, (1.6)

In so far as the right end is concerned, we shall deal exclusively with the clamped case, i.e.

y=y =0 at x = L. (1.7a)

To that effect, we introduce two additional fundamental solutions of (1.1) # and v, say, such
that u(L, @) = (L, 0?) = u"(L, ) —1 = u"(L, w?) =0, (1.70)
(L, 0?) = v'(L, w?) =v"(L, w?) =v"(L,w?)—1 = 0. (1.7¢)

Needless to say, » and v are also entire functions of w? of order .
The Wronskian W(x, w?),

o ¥ u v
Wiz, o?) = g z Z Z , (1.8)
" YT ou" "
satisfies the following differential equation:
d[r2(x) W(x, w?)]/dx = 0. (1.9)
Consequently r2(x) W(x, w?) = r2(0) W(0, w?), (1.104a)
= r2(L) W(L, w?). _ (1.100)
But W(0, w?) = u"(0, w?) " (0, w?) —u" (0, w?)v"(0, w?), (1.10¢)

and W(L, 0?) = ¢(L, ) ' (L, 0?) — ' (L, ) (L, 0?). (1.104)
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INVERSE PROBLEM FOR THE VIBRATING BEAM 217

Therefore the Wronskian W (x, w?) vanishes whenever w coincides with the eigenfrequency w,
of the beam in the free-clamped configuration.
The eigenvalue problem
(ry’;b)” = w?&p!/n:
Yn = (ryp)' = 0 at x = 0, (1.11)
Yo = Yn = 0 at x = L,

will be the central eigenvalue problem of the paper. However, other eigenvalue problems will
occasionally be needed. They differ from (1.11) only in so far as the left boundary conditions
are concerned: the right end is always as in (1.11), i.e. clamped. For instance, if the left end
were clamped, then we would have:

(ry’f’b)” = /\%Pym
Yo =Yn =0 at x =0, (1.12)
Yo = Yn =0 at x = L.

Of course the eigenfunctions of (1.12) are different from those of (1.11). Nevertheless, we use
the same notation, namely y,, to denote both eigenfunctions since no confusion will arise. In
fact, we shall only make use of the eigenfrequencies {A,,} and not of the eigenfunctions.

The other eigenvalue problems needed in the sequel are those associated with the supported-
clamped configuration:

(190)" = 1 PYns
Yp = Yo =0 at x =0, (1.13)
Yo =Yn =0 at x =1,

and the Rayleight-clamped configuration:

(ryn)" = O%PYn,
yn = (ryn)' =0 at x =0, (1.14)
Yp =Yn =0 at x = L.

The eigenvalue problems (1.11)—(1.14) are self-adjoint and physically meaningful. The
next pair of eigenvalue problems are neither. However, they do enter into our analysis:

(ryn)" = ViPYns
Yo = (ryn)’ =0 at x =0, (1.154)
Yp =UYn =0 at x = L;

(ryn)" = ViiPYn,
Yn =Yn =0 at x =0, (1.155)
Yo = Yn =0 at x =L

Equation (1.155) is the adjoint of (1.15a); hence they have the same eigenfrequencies.

More general boundary conditions could have been considered, but for the sake of presen-
tation, I have restricted my considerations to the aforementioned simple configurations.

t In honour of Lord Rayleigh who touched upon it in his theory of sound (Rayleigh 1945, p. 259). This
boundary condition is also referred to as ‘sliding’.
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218 V. BARCILON

Table 1 summarizes the notation.

TasLE 1

left boundary

condition eigenfrequencies configuration
y=y =0 A, clamped
y=y"=90 Ha supported
y=(ry) =0 Vy, non-self-adjoint
Y=y =0 Vy non-self-adjoint
y' = (y") =0 o, Rayleigh
Yy = (") =0 Wy free

Let us return to our fundamental solutions ¢, ¢, u and » and record their values for w? = 0:

$(x,0) = 1, (1.164)
¥(x,0) = x, (1.165)
u(x, 0) = r'(L) fz (x"‘r’zx(,’;"” du’ +7(L) f ’;(‘x’; d’, (1.16¢)
o(x, 0) = r(L) L (—’i:"r—zx%-‘i) dx'. (1.16d)

As a result, we deduce from (1.10d) that
W(L,0) = 1. (1.17)

Making use of Hadamard’s factorization theorem for entire functions (Boas 1954, p. 22) for
W(L, »?), which is also an entire function of order }, we can write

o 2
W(L, w?) = W(L,0) TI (1J"—2) (1.18a)
m=1 m
or, on account of (1.17),
© 2
WL, %) = 11 (1_‘3-2-). (1.185)
m=1 W,

The asymptotic behaviour of the eigenfrequencies {w,} for n large, which we shall discuss
presently, guarantees the convergence of the infinite product. Inserting (1.184) in (1.105),

W, w?) = [g%%)]z i:'b[ (1 —w—;n) (1.19)

The fundamental solutions # and » will not be used in their present form. Rather they will
enable us to define two new fundamental solutions:

we get

[/
D(x, 0?) =r(x) | ¢ w W (1.20)
¢\I/ ” ”
¢
and Yix,w2) =rx)| ¢ o o (1.21)
¢Il ” ”
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INVERSE PROBLEM FOR THE VIBRATING BEAM 219

It is simple to check that @ and ¥ are indeed solutions of (1) as well as that
D"(0, w?) = (L, w?) = D'(L, w?) = 0, (1.22)
(r?") (0, w?) = Y(L, »?) = ¥V'(L, w?) = 0. (1.23)
The asymptotic behaviour of @ and ¥ obtained once again by means of a W.K.B. ]J. approach is

1 74(L) [*(0)p(0)
P =) ~ i AT [W

+cos w cosh w [sin (X —w) cosh (X —w) —cos (X —w) sinh (X—w)]}, (1.244)

3
] {(cos w sinh @ +sin w cosh @) sin (X —w) sinh (X —w)

i 3(0)7%
Y(x, —5) ~ L2 [M)] (2 cos w cosh w sin (X —w) sinh (X —w) + (cos w sinh w

25t H(L) L) P2 ()
—sin @ cosh @) [sin(X — ) cosh (X —w) —cos (X —w) sinh (X—m)]} , (1.24b)
i i
where T = -;—%- (’;—)) dx,

and X is given in (1.5). Finally, by substituting (1.44) and (1.4) in (1.10d) we can deduce that
2(0) W(0, —s) ~ 3{[p(0)/p(L)]r(0 ) r3(L)}} (cos? @ + cosh? ). (1.25)

In view of (1.22), we can use the function @ to solve the eigenvalue problems (1.11), (1.13)
and (1.155). In particular, from (1.13) we deduce that

®(0, 0?) = (0, 0) [T (1_;‘_;)

m m

and, making use of the formulas (1.16) which express the behaviour near x = 0, we see that

o 2
B0, 0?) = (L) Fy 11 (1 _-“12-), (1.26)
m Hom
where F, is the second moment of the ‘flaccidity’:
R=( X4 (1.27)
-Fy, = | -——=dx .
? f o 7(%)

Similarly, in view of (1.23) and (1.15a) we can write

P(0, w2) = ¥(0, 0) 11 (1__5)

and on account of (1.16)

w(0, 0?) = (L) Fy 11 (1_%2.), (1.28)
where F, is the first moment of the flaccidity: " !
L x
F, = fo e dx. (1.29)
Finally, by similar means we can show that
@'(0, 0?) = —12(L) Fli;_ig (1_“;’;), (1.30a)
r(0) " (0, 0?) = r2(L) H (1—7—1). (1.300)

15 Vol. 304. A
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220 V. BARCILON

The functions @ and ¥ are linearly independent as long as w differs from an eigenvalue o,
of the beam in the free-clamped configuration. In this case we have

D(x, %) = k, VP(x, 02).T (1.31)

The constants of proportionality, ,, can be deduced by considering (1.31) with x = 0 and
using (1.26) and (1.28): © {22
b = Deqpioenlt (1.32)
Fiom 1—wi/v,
To simplify the notation, we shall define
Y. (x) = P(x, w3). (1.33)

Thus {¥,, w,} are the eigensolutions of (1.11). We can also represent the eigenfunctions of
(1.11) in terms of ¢ and ¢. Thus we have another formula akin to (1.31):

W (L, 0n)/$(L, 03)] §(x, 0h) = (%, 07) = kW, (x). (1.34)

It should be noted that from the definitions (1.20) and (1.21) of @ and ¥ we can deduce that
(L, 0*) = r(L) ¢ (L, 0?),
Y'(L, w?) = r(L)$(L, w?).

Y(Lwn) _ (L, w}) _
St ~PLat) (1.35)

As a result

and so (1.34) can be written as follows:

kn¢(x> (t)%) - E”(x, w?b) = k:: 'Pn(x> (1.34')
To find the values of £}, we set x = 0 and use (1.28):

Kt = kn/r2(L) Flf;[ (1—%). (1.36)

We consider next the asymptotic form of the eigenfrequencies of the five problems. It is easy
to see that B0, AZ) W'(0, A%) —B'(0, A2,) (0, AZ) = 0, (1.37a)
(0, pi) = 0, (1.375)

w0, v3) = @'(0, vZ) = 0, (1.37¢)

¥'(0,0%) =0, " (1.37d)

(r@")' (0, k) = ¥"(0, w%) = 0. (1.37¢)

In fact (1.375) and (1.37¢) are equivalent to (1.26), (1.28) and (1.30). By replacing @ and ¥
in the above equations by their asymptotic forms as given in (1.244) and (1.245) we deduce

that Mo~ (kD) E, g~ (4 DOnY/E
va ~ nint/E4, (1.38)

on ~ (n—})int/EY wh ~ (n—})int/EY,
1 We shall see in §3 that the sequence {w,} is distinct from {u,} and {r,}. As a result, @(x, w2) and ¥ (x, 2

cannot be identically zero. This conclusion can also be reached by appealing to results in Leighton & Nehari
(1958). I am indebted to E. Trubowitz for bringing this fact to my attention.
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L (p\t
where E = f (—) dx. (1.39)

o \’
Other important properties of the eigenvalues will be needed. For instance, we shall exploit
the fact that A, p,, v,, 0, and w, are all simple eigenvalues. This result is a consequence of
the theory of integral equations with oscillating kernels (Gantmakher & Krein, 1950). We

can only give the briefest outline here. The first step is to convert the eigenvalue problems
(1.11)—(1.15) into integral equations of the form

y(x) = foL G, ) p(t) y(t) dt. (1.40)

If the kernels G(x, ¢), which are the Green functions for the various problems, satisfy the
following properties:

@) G (xl xn) _

foity

G(xl’ tl) G(‘xl’ tn)
: >0 (1.41)

Glatny 1) e Gl 1)
for all partitions

O<(x1<x2<"'<x”)<L, n=12..;

h <ty < ...<t,
(i) G ("1 xn) >0 (1.42)
L,
for all partitions and all values of #;
(iii) G(x,t) >0 for 0 <wx,t< L, (1.43)

then the kernel G(x, ¢) is said to be oscillating. For such kernels, Gantmakher (1936) (see also
Gantmakher & Krein 1950) showed that the eigenvalues of (1.40) are simple.

Gantmakher & Krein (1950) have shown that the Green functions for four out of the five
eigenvalue problems of interest to us are indeed oscillating kernels. These are the four self-
adjoint problems (1.11)—(1.14); thus A, #,, 0, and w, are simple eigenvalues.

The non-self-adjoint problem (1.15a) has not been considered. However, by means of a
theorem of Karlin (1971), we can state that the Green function for that problem satisfies (1.41),
i.e. is ‘totally positive’ in Karlin’s parlance. The fact that the kernel of the integral equation
is a ‘totally positive’ Green function implies that (1.42) is also satisfied. The proof of this
assertion can be found in Krein & Finkelstein (1939). Thus we only need to prove that (1.43)
holds.

It is simple to check that the Green function under consideration denoted by N(x, ¢) is
given by

N(x, ) = Q(x, 8) “TII f: -j-(;—)" dz f lL E%;—)”—) dz, (1.44)
fL (z=%)(2=1) dz, x>t
her O I S Lo (1.45)
whnere P = fL(z—x)(z——t)dz e .
t r(z) T
Consequently,

It

L(z—1)2 1 (Lz—t L z2(z—1)
N ) f @) dz‘?;ft@‘dzfz e %

15-2
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222 V. BARCILON

or

swo = [=([C 5N S e w i a1l ) 2 o 0

Now, over the interval (0, ¢)

N 1 [L(z-0)z
W5 =), 5

and hence N is concave downward, which together with (1.46) implies that

dz <0 (1.47)

N(x,¢) 20 for 0<x <t

N(x,t)

] -
t x,(t) L
x

Ficure 1. Sketch of the Green function N (x, ¢) for the non-self-adjoint-clamped configuration.
The curvature of N (x, t) changes at x = x,(¢).

Over the remaining interval (¢, L),

02N 1 [E(z—1)z
T(X) 3.76_2 = x—t——FIJ; —W dZ
02N
or r(x) s x—xo(2), (1.48)
1 tzdz [Lz3d:z
where w0 = g |75 55 ) (1.49)
Clearly t < x(t) < L

and so N(x, ¢) is respectively concave downward and upward over (¢, xo(t)) and (xo(t), L).
Note that

z—x(2)
N(xo(),1) = 20x(8), ) = %) =21 | =75 dz,
. [ (z=x)? ,
i.e. N(xo(2), t) = Lo(t) ) dz >0
and so N(x,t) 2 0 for 0 < x < x(t)

(see figure 1). We obtain the desired result, by noting that over the interval (x,(¢), L), N(x, ¢)
must lie above its tangents. The x-axis being one such tangent, N must therefore be positive

in this interval. Consequently Nx, ) > 0 for 0<xt<L
3 b b

i.e. N(x, t) is an oscillating kernel and hence the », are simple eigenvalues.
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INVERSE PROBLEM FOR THE VIBRATING BEAM 223

2. IMPULSE RESPONSE AND UNIQUENESS OF THE INVERSE PROBLEM
2.1. The impulse response

Let us consider the following artificial problem

02 0241 oF
= [r(x) 5x—y2] = —p(x) _E)_Z’ 0<x<Lt>0, (2.1)
. R§(0,0) B[, (0, '
with yéxz ),= PP [T(x) ya(x2 )] =0,
Lo LY 2.2)
y(L> t) - Ox =0,
§(x, 0) = n(x)

After making a Laplace transform where

y(x, —5) = f " et j(x, 1)dy,

0

we can write (2.1) as follows: (ry")" +psy = py (2.3)
with y"' = (ry")’ =0 at x = O,} (2.4)
y=y =0 at x = L.

To solve the above boundary value problem, we introduce the appropriate Green function

(12")" +ps2 = 8(x—2z),
Q"= (12" =0 at x =0, (2.5)
Q=0 =0 at x =1,
which enables us to write
L
s, =) = [ 2 2390(2)1(2) dz. (2.6)

If we were to replace s by — w2, then we would be back to our beam which is here excited by
a force n(x) applied at time ¢ = 0. The case for which

7(x) = 8(x)/p(0),

would then correspond to a point force applied at the free left end at time ¢ = 0. By impulse
response, we shall mean the measurements of the displacement and slope of the centre line at

that left end, i.e.
y(0, —s) = £2(0,0;5), 60(0, —s) = 02(0, 0; 5)/0x. (2.7)

Now, making use of the functions ¢, ¥, @ and ¥ introduced previously, we can check that

¢(x: —S)¢(Z, —J)—’ﬁ(x, —s) SU(z: _‘y)

r2(0) W(0, —s) » ¥ 5
Q(x, z; —s) = B2, —5)B(x, —5)— (2, —5) W(x, —)
’ ;2(0) w(o, - 5) —, *¥<z (2.8)
Consequently y(0, —s) = _1 90, ~)

72(0) W(0, —s)
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1 (0, —s)
r2(0) W(0, —s)’

and 00, —s) = —

or, in view of (1.19), (1.26) and (1.28),

© 1
y(0, =) = K 11 Iﬁ%" (2.94)
0(0, —5) = — F, n i:z(’;ﬁ; (2.95)

The impulse response contains the following information:

(i) the first and second moments F; and F, of the ‘flaccidity’;

(ii) the three spectra {w,}, {v,} and {u,} corresponding respectively to the free, non-self-
adjoint and supported boundary conditions at the left end.

We shall discuss next whether the information contained in the impulse response is sufficient to
characterize a beam uniquely.

2.2. Beams with identical spectra

Let us say that the beam characterized by r(x), p(x), of length L, clamped at the right end,
has spectra {A,}, {#t,.}, {vs}, {0,.} and {v, }. There are other distinct beams with the same spectra.
Indeed, the two-parameter family of beams characterized by

(%) = ar((@/B)tx), pB(R) = Bp((x/p)tx), (2.10)
has the same spectra. (The parameters & and £ are positive.) The lengths of these beams are
L = (a/p)EL. (2.11)

The first and second moments of the flaccidity of these beams are:
= (1/atpd) F,, F, = (1/aip}) F, (2.12)

If we were to impose the additional requirement that these two moments match those of the
beam under consideration, then-we would obviously see that @ = f = 1. Hence, the role of
F, and F, is to set the scale of the beam being reconstructed.

2.3. Pathological beams with the same impulse response

It is possible to construct two distinct beams with the same impulse response?
Consider a beam p(x), r(x) of length L, clamped at the right end. Construct a second beam
with the following characteristics:

e, 0<x <L
plx) = {ﬁ, L<x<l; (2.13q)
N r(x), 0<x <L,
) = {f, L<x<L (2.130)

In other words, the second beam is identical to the first over the interval (0, L) and then
has constant properties over the section (L, L). Abusing our notation, let us denote by ¢(x, w2),
¥ (%, w?) two fundamental solutions of (1.1) that satisfy the boundary conditions at ¥ = 0
appropriate for either one of the three configurations entering into the impulse response.
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INVERSE PROBLEM FOR THE VIBRATING BEAM 225

The solution over the interval (L, L) is written in terms of functions
cos [(7?/7)} (x — L)] — cosh [(pw*/ ) (x— L)]
and sin [(pw?/7)} (x —L)] —sinh [(pw?/7)t(x - L)]
which satisfy the clamped conditions identically.
Piecing the solutions in (0, L) and (L, L) by requiring that
(71 = 7] = [77"] = [(F7")'] = O (2.14)

where [.] denotes the jump from L + 0 to L — 0, we obtain the determinantal equations yielding
the various spectra:

d(L, w?) ¥(L, w?) cos Z—cosh Z sin Z—sinh Z
¢' (L, w?) V' (L, w?) — (pt/7)wd(sin Z+sinh Z) (pt/7)w}(cos Z—cosh Z)

0= (r¢") (L, %)  (ry") (L, w?) —7dptw(cos Z4+cosh Z)  —#dptw(sin Z+sinh Z) |’

(r¢") (L, 0%  (ry")' (L, 0?) 7iptwt(sin Z —sinh Z) — 7iptwt(cos Z+cosh Z)
(2.15)
where Z = (pt/7) w¥(L-L).
Now we consider the limit p/T—>0 (2.16a)
but such that p = a. (2.160)

This means, that in the limit the added section is made up of a weightless rod of infinite rigidity.
Then dividing the last column of (2.15) by 74p and taking the limit mentioned above, we note
that (2.15) becomes

0] ¥ 0 0

# v 0 o |_

r¢" vy =20 —w
() ) 0 —20b
or g, z, = 0.

But this is the generic determinental equation for the smaller beam! In addition, since the flacci-
dity of the second beam is zero over the additional interval (L, L)

Fl = Fl’ Fz = Fz.

Thus, for the clamped-right-end case, given any beam with impulse response {A,}, {v,}, {0,},
Fi and F,, we can construct a class of beams with the same impulse response, by simply tacking
onto the original beam an infinitely rigid weightless rod of arbitrary length.

This result is easy to understand physically: the section (L, L), because of its very nature,
is never set in motion by the initial excitation and hence never felt.

The question remains whether there are other types of less pathological beams that have the
same impulse response. The answer is no. ‘

2.4. Toward the uniqueness theorem

We assume that two beams p®), r@ and p®, @ have the same impulse response. Since the
information about the length of the beams is not part of the impulse response, we must assume
that their lengths, L®) and L®), are not necessarily equal. This presents a first obstacle to the
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226 V. BARCILON

adaptation of Levinson’s (1949) classical proof of the uniqueness of the inverse Sturm-Liouville
equation to the problem at hand. Indeed, to compare the two beams we must bring them to
some common ground. If x@ and x® are coordinates suitable for each beam, then we can
accomplish our aim by introducing a new variable £ as follows:

2 )
£ = f [fa,] (2.17a)
z® @)% :
pP
e e- [ [ o s

Note that, as x® and x® vary from 0 to respectively L®) and L@/, £ varies from 0 to 5 which
was defined in (1.39). This is a consequence of the fact that eigenvalues of the two beams have
the same asymptotic behaviour.

The functions £(x®) and £(x®) defined in (2.17) are non-decreasing, and hence are

invertible:
X0 = gW(F), x@ = x@(¢), (2.18)

We are now ready to define the following strange integral of a hybrid version of the Green
function £ given in (2.8), namely

1

A8 =g [ a5 [T pwiamig) ge e, e -9 00 Gy

G746 (2.19)

2m
where

QEV(x®(L), xW(£); —5)

P (x ‘”(C) 5) PD(V(E), —5) @ EO(E), —5) PPEDE), =5) L) ¢ w0

_ 2(0) W (0, —s) 7 ’ (2.20)
PD(xW(E), —5) PO (x@(L), —s) —PpD(xW(§), —s5) PO (x@)(L), —9) L < x®
r2(0) W®(0, —ys) ’ ST

and £({) is an arbitrary function.
We digress at this stage to explain why 7(0) enters into the definition of 2 without any
superscript. This is due to the fact that

r@®(0) = r@)(0). (2.21)

This result, as well as pM(0) = p@X(0), (2.22)
will be derived next.
2.5. End-point identities
The preceding results are obtained by confronting the product representation (1.26) of
$@(0, w?) with its asymptotic representation (1.244). Indeed, this implies that

: ’ @ § 1 [rO(L@)]E [r@(0)]F . VdEin obdE
[rO(L) D)2 F, m];[l (1 +ﬂ_?n) ~ 220 5 [OLO Lpo(0) [sinh 28535 —sin 28525], (2.23)

where i = 1, 2. Consequently

1 N IO N R N ONG
[rO(LD)]E [pO(LW)]E [p‘”(O)] T F®Le)]E [p@L®)] [p<2>(0)] - (22
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INVERSE PROBLEM FOR THE VIBRATING BEAM 227
The same procedure applied to ¥®(0, w?), namely
1 [r@(L@)]E
25t [p@(LW)]E

1 1 1 1
[FOLO [pOLZO) ™ [OTO [p@ @)

[rO(LD)]2 F ﬁ (1+V_s2) ~ [cosh? (2-3s15) —cos? (2-3s15)], (2.25)
m=1 m

yields (2.26)

In the same vein, we can confront the product representation (1.19) for W (0, —s) with its
asymptotic representation (1.26), namely

S 1p®0)rO0)]E . . ., — -
[[r(l)(L("))Pm];[1 (1 +5-—s72n) ~3 [%—Q] [rD(L9)]¥[cosh? (2-3s15) + cos? (2-3515)], (2.27)

from which we deduce that

[t [t = [t [sorzn] - (2:28)
Making use of (2.26) we can rewrite (2.24) and (2.28) as follows
r(0)/p®(0) = r@(0)/p®(0)
r(0) p(0) = r@(0) p(0),

which imply (2.21) and (2.22). Therefore, if the two beams clamped at the right end have the
same impulse response, their densities and rigidities must coincide at the left end. Therefore,

we are justified in omitting the superscripts.
In addition, they must satisfy (2.26), i.e

rA(LW) pWO(LWY = 7@)(LE) p@(LE),
Note that this product is finite even for the pathological beams previously discussed.

2.6. Evaluation of I (&) by calculus of residues

An examination of the integrand of .# (&) reveals that the path of integration can be closed
by a half-circle in the left half of the s-plane. The only singularities are simple poles at s = — w},
and a straightforward application of the calculus of residues yields

s = 3 {[@gp(x(l)) ﬁ PO(x@) FO(x@) wn)bdx(g)dg

n=1

: W2
— W) (4(1) (2)( 4(2) (2)(5(2) —_— 1) (1) 2 =
P ) [ () y oo, o) 5 5 dg] frowoe 1 (1-2)
#[p000, o) [ poiae) o) —? ag
£

E 2
— U OV 2 @) [y ( @) (@) 4 @(L®@ _Yn
wo, a3) [ peae) wee) s G de| ai oo 1 (1-5))

m

(2.29)

In (2.29), x® and x® are not written explicitly as functions of £ and {. We have also used
the representation (1.19) for the Wronskians.
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228 V. BARCILON

At this stage, we make use of the fact that @ (x®) and PP (x®) fori = 1, 2 are related by
a constant of proportionality £,, which, as (1.32) reveals, is solely dependent on the impulse response
data, and hence identical for both beams. As a result (2.29) becomes

J (&) = E [wﬁ/ II (1_222)] l[[r(n([,(l))]—z

n=1 m#En

{f PO (x®) [k, @ (x@, wd) — ¢(2)(x(2) wn)]h'—z- dg} P (xm)
+[r@®(L®)]-2 {f: PO (x®) PO (x@) _dz_ d§}
X [hy DD, 02) — Y D (0, w%)]]]

This expression can be further simplified by means of (1.34), i.e. since
kO (x0), W) —grO(x0), w2) = KP* WP (x©),
where, as (1.36) indicates,

[rO(LO)2ED* = [y@(L@)]2AD* = kn/Fll_[ (1__‘1‘)’_2)_

m

As a result
© 1 Wik,

S8 = X [FOLO) @ (L®) F,

U pO(x) srf<2>(x<2>)/zd—"€—dg mm (1"32‘)“(1“7)] PO, (2.30)

MF#AN m/ m m.

To avoid problems with pathological beams, it is preferable to free (2.30) of the terms r®)(L®),
r®(L®). This can be done by defining the norm of ¥ as

LW
R = [ p o) [ ane (2.31)

The superscripts are not necessary for the actual evaluation of the above norms; hence they
shall be omitted temporarily. As given earlier the equations for @(x, —s) and ¥, (x) are

d2 [ d2@
e (’ H;f) =»®,
2 2
and d_dx—2 (r %z—;ﬂ) = —wip¥,.

Multiplying the first by ¥, the second by @, subtracting, and integrating the resulting
expression over (0, L), we get after making use of (1.22) and (1.23)

L
¥, (0)r(0) D" (0, 5) = w? (1+§) f POV, dx. (2.32)
n 0
The product representations (1.28) and (1.304) enable us to write
(L) By AN
S L () m(15g) - [ e

(1) m#n m m
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It only remains now to let s ->—w} to see that

(L) ki, ( "sz) ( wn)
1——= 1—-=) =k 2.33
T (1-2) I (1-32) = ko (2.33)
and consequently (2.30) becomes
s = 5[] roee vt agfirpnel) voen). g
n=1

If the two beams were identical, then we could drop the superscripts altogether and get the
classical eigenfunction expression

o151 = 2 ([ pmieas[1.e) w0

as a special case of that more general eigenfunction expansion. Incidentally, here #(£) is
just h(£).
2.7. Evaluation of (&) via residue of pole at infinity

An alternative expression for J(£) is obtained by taking the contour in the s-plane to be a
very large circle and replacing Q®1)(x®), x@); —s) by its asymptotic expression for large |s|.
The calculation is straightforward but tedious. We then perform the £ integration over
(0, £) and (£, &) asymptotically. This requires a mere integration by parts, provided, of course,
that r and p are differentiable. The remaining integral over s is now trivial since to leading
order the s-dependence of the integrand is s~1. The result of these calculations is

@) x(2) 1 (p@fx@) 3
56 = (e (ompmid) 1O 235)

Equating the two expressions for J(£) we get
r(2), x(2) 2) x(2)
[,a,ﬁxm;] [Zmﬁxu)ﬂ = s[[ e eenSiy atfironee) veee). (@0

The left hand side can also be written in terms of a standard eigenfunction expansion:

b (o) = 5{[; ovwe ] (5] 157 acfwwwn) wowr - a0

p p(l)

from which it follows that
d @ rp@E  dxw
xg _ ”q_‘/(l)“-lf pO YD :(1)] [z“’] h :lcg d¢, n=1,2,...,
(2.38)
and since the function 4 is completely arbitrary
{p@[x (I @[ () IF WD [xD(E)] /1P
= OO OEOOIRFPAOOINPP], 7 =1,2,.... (2.39)

We must again digress before we can draw any conclusion from (2.39).

E
I
0

2.8. The Liouville transformation and the canonical fourth-order equation
We have been pushed first into the introduction of the variable

S
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230 V. BARCILON

and now into considering the functions

Un(8) = [p(x(€) R [r(x(£)) 1 W (x(£) /I Pl

(2.40)

We can think of these new variables as constituting a Liouville transformation. In terms of

them, the original eigenvalue problem,

d2 ( d?¥,
dxz( dx? ) = wip!pm

Yr=(¥r) =0 at x =0,
Y,.=¥,=0 at x=1,

. . d¢ U d 9
is transformed into B dg [A(g) dg] +B(§) U, = 02U,
. dau, | dlU,
with qE > +a q€ 7 +oU, =0 .
Uy L 90 o T
dag? - dg - dé B
and U,=dlU,/d§ =0 at £ =5

The coefficients A(£) and B(£) are related to p and 7 thus:

Qe 9 o Jebe_ P #
A=48_g=_glle T8 o2t
g ¢ qﬂ p P

B Jee_ g qequ_ 9 q_ezg +6 g 455 L Jebes | Gubec
q q q qp qp
3 q?f;ﬁ_?d’dz’gz qmd’e e %l _, 9521’.5’
p g9 b 'y 2L
where p(&) = [p(x)/r(x)}
and (&) = pH(x)r3(x).
Also a=2%45 ‘
g ¢
p = Jee 9l
g qf’
¢ = 1'5’ ]
q

Qe 98 o Jebe , P 5
d=gXE 42 oZle T& olft
e qﬁ p P

_ Texe 45955 Jlude_ qus 21’6_46.

q ?q M” ¢’}

(2.41)

(2.42a)

(2.425)

(2.434q)

(2.435)

(2.44)
(2.45)

(2.46)

Since we have been led to a consideration of the canonical fourth-order equation (2.41),
one may ask why did we not consider this equation from the beginning? In fact, I have con-
sidered the inverse eigenvalue problem for this equation in a previous paper (Barcilon 1974).
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That analysis was valid only when the eigenvalues were simple. This assumption is true provided
that the canonical equation can be written as

d d d d
aoaald—xaza‘;aaa‘;‘a,!l] = sz, (2.47)

where a,, ..., a4 are positive, and if the boundary conditions satisfy certain requirements
(Karlin 1971). Thus, one is not dealing with the most general canonical fourth-order equation,
but with the subclass that has simple eigenvalues. Under those circumstances, it is preferable
to deal with the beam equation.

Before resuming our discussion about uniqueness, we shall introduce some new variables
which will simplify the formulas for 4(§), B(£), a, ..., ¢:

P(g) = I’g/ﬁa Q(g) = q{/q’ (2'48)

or equivalently ; ;
210 =p0 ep | [ POUR] 90 = g0 e[ [ @0at].  as)
With these variables, (2.43) becomes

4Q;+P—2Q2—2QP—P'—4 = 0 (2.494)

and Qg+ QFy+ Q- 4Q°Q; + Q¢ —4QQ, P+ Q. P* + 2QPF,
—2Q2P+ Q1+ 2Q°P—4Q®P*—B = 0. (2.495)
or Q; = F(Q)+4, (2.50)
01 ' Q;
P F

where o=|ql| F- Qs (2.51), (2.52)
P —4Qg +4Q0Q; +2Q, P+ 2QF, + 2PF,

Q€ +4QQ — @ B, — QF +2QQ P 4QPF,

il | — QP+ Q*+2Q%P—4Q%P?, |

0
0
and a=1 o | (2.53)
4

| B—QA4,)

Finally, the equations (2.46) can be written as follows:

c
a—2c
Q(0) = b+c2—ac . (2.54)
d—38b—2c®+ac

e+ ch —ac? —cd + 263,
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2.9. Uniqueness results

To summarize, given two beams p®(x®), r(x®) and p@(x@), r@(x®@) with the same
impulse response, provided that these functions are sufficiently smooth, we can make a Liou-
ville transformation and write

diy, d dy,
S, @ (g Gn O — 2
iz +d§ (A d£)+B U, = iU, (2.554a)
d«U, d dg,
QT A (g2 Q% OU — o2
and iz +d§ (A d§)+B U, = w3 U,. (2.55b)

The fact that U, has no superscript is a consequence of (2.39), namely

() ()

W)H‘Pﬂ = U,(§) = W)—” for all n.

The coefficients A®, B and 4®), B® are obtained by substituting p®), ¢® and p®, ¢@ in
(2.43). Now, if we were to subtract (2.556) from (2.554) we would get

adz [(A(l)_A(2)) %%l] +(BO—B@)U, = 0. (2.56)

Since U, satisfies (2.425), we are forced to conclude that
AMD(E) = AD(E) = A(é),}
BM(E) = B®(E) = B(§),

or else U, would be identically zero. Similarly, a consideration of the boundary conditions
(2.424a) at £ = 0, implies that

(2.57)

a) = ¢® = g
b = p@ = b,
¢ = ¢® = ¢ (2.58)
dO = 4@ = 4,

e = ¢@) = ¢,

(This can be seen, for instance, by considering eigenfunctions associated with large values of n.)
As a result, the vectors Q@ and Q@ are solutions of the same differential equation (2.50) with
initial conditions (2.54). If the solution of this initial value problem exists, then it is unique
since F is Lipschitz. Consequently

QW(E) = 0¥(§)

and in particular QW(E) = Q®)N(E), PW(£) = P@(). (2.59)
This, in turn, implies that PD(E) /pM(0) = p@(&) /p®(0)
and gW(E)/qM(0) = ¢®(£)/q®(0),
and finally in view of (2.21) and (2.22),
pO(xM(E)) = p®(x®()), rO(xM(£)) = r®(x@)(E)). (2.60)
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For the smooth class of functions that we have been considering, we can in fact go further and
see that L® = L®), and hence

pW(x) = p®@(x), 1®(x) = r@(x). | (2.61)

However, because of the pathological beams previously discussed, I suspect that (2.60) is the
best result possible. Thus, if we are’ willing to disregard the pathological beams, we can say
that the impulse response determines a beam uniquely.

3. EXISTENCE AND CONSTRUCTION OF SOLUTION

In this section we shall outline a procedure for reconstructing a beam from its impulse
response. This procedure was previously presented by Barcilon (19794, b). Thé central idea
revolves around the use of continued fractions and owes much to the work of Krein (1951,
1952a).

The procedure for reconstructing p(x) and r(x), given F,, F, and {w,, v,, )7, will work
provided that the data are bona fide data. Thus, we shall need elaborate criteria for recog-
nizing whether or not a solution exists for a given impulse response. We do not have definitive
results about all such criteria: we shall derive a few and suggest the need for more.

Before we embark on this programme, it might be useful to review the inverse problem for
a vibrating string. The impulse response for a string in the free—fixed configuration consists of
(i) the length L of the string and (ii) the spectra {A,} and {, }? associated with the fixed—fixed
and free—fixed configurations. The numbers L, {#,, A,}{° constitute a bona fide impulse response
if they satisfy the following conditions:

(i) asymptotic behaviour,

L
A~y ~ nn/J- pt(x)dx, as n—oo; (3.1)
0
(ii) interlacing,
By < Ay < plg < Ay < .. (3.2)
(iii) global condition,
© © 2\ o 2\ 71-1
Bl (a5 < @9

The asymptotic condition is easy to understand and can be deduced straightforwardly from
the direct problem. The interlacing condition is also sensible: the x are associated with a con-
figuration freer than that for the A. Less obvious is the fact that this condition ensures the
positivity of p(x). This is connected to a theorem of Stieltjes (1894) which we shall discuss in
§3.7. The third condition ensures that the total mass of the string is finite. It plays an
essential role in the construction of the solution to the inverse problem for a vibrating string.
We would like to find the conditions for the beam analogous to (3.1)—(3.3) for the string.

3.1. Interlacing of eigenvalues
One would expect that the following ordering would hold:

0 <Oy <V <Py <Y< U< OE< V< iy <A< ...

However, this is not the case. Indeed, by considering the homogeneous beam (i.e. p and r
constants), we can see that the spectrum associated with the clamped-clamped configuration,
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namely {A,)7, does not interlace with that for the free-clamped one, i.e. {w,}7 (Platzman
private communication). ,

To elucidate this question, we appeal to a paper of Krein (1939). If we were to apply the
theorem stated in that paper to the beam considered here, we would get

W; < A < W9 | (3.4a)
0; < A; < Oypg, (3.40)
v, < A; < Vi (3.4¢)
My < Ay < fyys. (3.4d)

These results are general results stemming from the properties of Green functions of fourth-
order operators that are, so-called, ‘oscillating’. These results can be improved for the particular
case of the beam operator. The first step consists of examining the first eigenvalues of our five
eigenvalue problems. We start by considering g, and v,. To that effect we introduce a hybrid

eigenvalue problem as follows:
(ry")" = A%py, 0 <x <L,

ay—(1-a)y’' =y" =0, x=0, (3.5)
y=y" =0, x=1,

where « is a parameter ranging over (0, 1). Clearly

4,(0) = vy, (3.64)
and A4,(1) = u,. (3.65)
The adjoint problem, which will also enter into our discussion, is k
(rn")" = A%py, 0 <x < L,

7 =a(lm)-(1-a)(ry") =0, x =0, (3.7)
p=9" =0, x=0L.

After differentiation with respect to the parameter «, we can easily see that
- dAz , " L
T~ V0,901 00 [a(t-)[ " pyyas (3.8)

We shall specialize this result to the first eigensolutions of (3.5) and (3.7) and appeal to a
result of Gantmakhert (1936), namely that

(%, ) >0, 7(x,) >0 for 0<x < L. (3.9)
Consequently 11(0,) > 0
and in view of the boundary condition at x = 0
$(0,a) > 0. (3.10)
We prove next that () (0, &) < 0. (8.11)

Let us assume the contrary. Then by continuity there exists an interval, say (0, £), over which
my > 0.

1 Strictly, we should prove first that (3.5) and (8.7) can be transformed into integral equations with oscillating
kernels. This is indeed so thanks to a theorem of Karlin (1971).
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This interval must be smaller than the length of the beam. Indeed, otherwise 3; would be an
increasing function throughout (0, L) and since 5;(0, @) must be positive, it would follow that
71(L, &) is also positive. But this is impossible on account of the boundary condition. Thus
0 < £ < L. We can be more specific and define £ such that

(f"]:) (g’ a) = 0.

Now, integrating (3.7) twice from 0 to £, we see that

~[070) (0, ) + £’ (0, 0] = 43 [ (E-D)pmct,

and since () (0, @) is positive, it follows from the boundary condition that (ry7)’ (0, &) is
also positive. Hence, the left side of the above equation is negative whereas the right side is
positive. Therefore (3.11) must be true and as a result, the derivative of 4} with respect to «
is positive, i.e. _

vy < fy. (8.12)

By considering a problem similar to (3.5) but with the boundary conditions
ay—(1—a)y’ = (ry")’ =0 at x =10
we could show that oy < vy (3.13)

Similarly, we could also prove that W, < 0, (8.14)
Combining all of these results, we get '

W <0y <V <y <A (3.15)

The technique used to establish (3.15) is not suitable for the higher eigenvalues. To order
them I have found that the introduction of certain auxiliary functions is very helpful.

3.2. Auxiliary functions

Recall that u(x, —s) and v(x, —s) were fundamental solutions of the beam equation chosen
in such a way as to satisfy the clamped boundary conditions at x = L (see (1.7)). Recall also
the forced problem (2.3)—(2.4) which led to the impulses response when p(x) 5(x) was set equal
to 8(x). We can rewrite this problem as follows:

(ry")" = —spy,
ry" = (ry")' =1 =0, x =0, (3.16)
y=y =0, x=L
We can avail ourselves of the functions # and v to solve this problem. In fact

u(x’ _5) (N)”) (O’ _'y) —v(x, _'y) (’u”) (0, —S)
10 =) =G0, ) ) (0, =)= N O, —5) (w0, 5 O

and as a result, the impulse response given in (2.9) can also be written as
0 _ u(0, —s) (") (0, —s5) —v(0, —s) (ru") (0, —5)
90 =) = =Ty (0, =) () (0, =)= (W) (0, —9) (Y (0, —3)
— _ u'(O, -.,y) (7‘0”) (Oa —.S’) —1}'(0, _5) (ru”) (O: —5)
— (") (0, —s5) (") (0, —s5) = (") (0, —s) (ru")" (0, —5)"

(3.184a)

and 6(0, —s)

(3.185)

16 Vol. 304. A
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236 V. BARCILON

These expressions suggest that we define the following functions:

Y(x, w?) = u(x, 0?) (") (x, 0?) —v(x, 0?) (ru") (x, 02), (3.19)
O(x, w?) = u'(x, w2) (rv") (, ")2) —v'(x, (1)2) (ru”) (x, 0%), (3'20)
D(x, %) = (ru") (x, @%) (")’ (x, 0%) — (") (%, &?) (ru")’ (%, 0?), (3.21)

and that we work directly with them rather than with z and ». Numerically, this approach has
the advantage of minimizing the loss of accuracy due to cancellations in the computation of
Y, © and D.

We can look upon Y, ® and D as determinants obtained by considering the 2 x 2 sub-
matrices arising from the 4 x 2 matrix

u v
u' v
rul/ 7,,v//

() (")

Three other such determinants can be formed, namely

R A (3.22)
u v

J(xs w ) - (ru”)' (T’U”), |a (3-23)

and K(x, (1)2) = (rZ:;)/ (r::I)I l (324)

It is simple to check that these six auxiliary functions satisfy the following differential equations:

I'=r1Y, Y =0+J, (3.254, b)
J =K, 0 =K, (3.25¢, d)
K =r1D-wl, D =-w¥pY, (3.25¢, f)

where primes indicate differentiation with respect to x. These auxiliary equations, rather
than the beam equation, will occupy centre stage during the reconstruction procedure. Note
that in view of (1.7), the boundary conditions associated with (3.25) are

I=Y=J=0=K=D-r*L) =0 at x=L. (3.26)

Keeping in mind the definitions (3.19)—(3.24) of the auxiliary functions, it is simple to show
that ’

1(0, w?) = r3(L) (FF,— F3) n:E[I (1 —%;) , (3.27q)
] 0 --2%
Y(0, 0 =~ (L) K, T (1 ﬂi)’ (3.275)
J(0, ) = 00, 0?) = (L) F, 11 (1_%’;), (3.27¢)
n=1 n
K(0, 0?) = —r(I) F, nf:;} (1—3—2), (3.274)

D0, w?) = (L) 11 (1—9-;). | (3.27¢)

n=1
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In these expressions F; and F, are the first and second moments of the flaccidity defined in
(1.27) and (1.29) while £ is the zero moment, namely

Lode
F = fo Ok (3.28)
Note that (3.25¢) and (3.25d) together with the boundary conditions (3.26) imply that
O(x, w2) = J(x, w?). (8.29)

This result is easy to understand: it means that the eigenfrequencies of the truncated beam
(x, L) are identical if the boundary conditions at the left end arey = (ry")’ = Oory’ = ry” =
As we already know, these two problems are mutually adjoint.

In deriving the expression (3.274) for (0, w?) we made use of an identity for the auxiliary
functions that will play a crucial role, namely

—1(x, w?) D(x, 0?) + Y(x, ) K(x, 0?) — O*(x, %) = 0. (3.30)

This identity can be established from the differential equations (3.25). However, its character
is algebraic and it is best obtained from the very definitions of the auxiliary functions.

The product representations (3.27) for x = 0, can be viewed as special cases of product
representations for arbitrary x. Indeed, the auxiliary functions are entire functions of w? of
order . Consequently, we can write

I(x, 0?) = r*(L) U;%ff (—t:;f)—zdt-( :ifr-i‘dt)z] ”fjl (uﬁ‘%—)), (3.27'a)

Y o) = =) [T a1 (1-75). (3.27'0)
o0 [0 (5.
Dl w?) = (D) 11 (1-57s)- (3.27°¢)

The functions A, (x), p,(x), v,(x), 0,(x) and w,(x) are the nth eigenfrequencies of a truncated
beam (x, L) clamped at the right end and satisfying respectively the clamped, supported,
non-self-adjoint, Rayleigh and free boundary conditions at the left end. These eigenfrequencies
are real, positive and simple as a consequence of the theory of oscillating kernels.

These eigenfrequencies have an additional property: they are increasing functions of x.
This is easy to understand physically: as the section (0, x) is stripped off the original beam, the
inertia of the beam is decreased and as a result the natural frequencies are increased. We
sketch a proof of this statement, or more specifically of the fact that dA2(x)/dx > 0. To that
effect consider the truncated beam (e, L). Then

(7’]/2)” = /\?lpyn: a<x <l
0,

It

Yu(a) = yn(a)

Yu(L) = yu(L) = 0.

16-2
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Indicating a derivative with respect to o by a dot, we deduce that
(192)" = 20, A Y+ A% P55 (3.31)

and from the boundary conditions

Jat¥n =Jntyn =0 at -x =a,

Up =Yn =0 at x = L.

Multiplying (3.31) by ¥, and integrating over (a, L) we get

— (o) Yo, @) g (et @) = 24,4, [ly, |1,
which, after some simple manipulations, yields

da, (@) _ r(o) [yn(, 2)]?
dee 22, (a) [yl

A similar procedure could be used for the other spectra.

3.3. The grand interlacing

We are now in a position to resume our discussion about the interlacing of the various spectra.
Let us consider the curve I (x, w?) for a fixed value of ? lying between A} and A} (see figure 2).
The curve I(x, w?) is positive for x in (0, /) and negative for x in (/, L) where

() = ot

Equation (3.254) implies that the zeros of I’ coincide with the curves w? = u3(x). Therefore
I’ vanishes only once in (I, L) since an immediate generalization of (3.15) would yield

m(%) < Ay().

Over (0, 1), I' could either vanish or not vanish. If I' were different from zero for all x in
(0, {(w?)) and for all w in (A,, A,), then we would have

By > Ay

which contradicts (3.4d). On the other hand if I’ vanished three or more times, then we

would have
1“4 < A29

which also contradicts (3.4d). Therefore I’ can vanish either once or twice in (0, /). Let us
examine the second case more closely. Graphically, the situation is as indicated in figure 3.
Consider the structure of I on the straight line w = A,. Certainly

I(0,A%3) = 0, (3.32) .
and I(x,A3) <0 (3.33)
over the interval (0, [(A})). Now Y(0,A%) > 0.

But, because of the auxiliary equation (3.254), this inequality implies that

0,23 >0
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and hence for small values of x, it follows from (3.32) that
I{x,23) > 0
which contradicts (3.33). Hence I’ can only vanish once and as a result
M < Ay < Hp < A,
Repeating this procedure, we can conclude that

M < Ap < Py < Agpy (3.34)

>

L(w, =*)

A 7

J J

0 L 0 L
x x

FiGure 2. Sketches of the auxiliary function I(x, w?) for a value of w? lying between A? and A2,
The number of local extrema depends on the relation between the A- and g-spectra.

By exploiting (3.254), or rather Y = 20,
we could show similarly that Vg < fy < Viyy < P (3.35)
Similarly, (3.254) and (3.25f) would yield
0; < V; < Oy < Vi (3.36)

and ' W < fy < Oy < Py (8.37)
16-3


http://rsta.royalsocietypublishing.org/

Y | \

THE ROYAL A
SOCIETY \

PHILOSOPHICAL
TRANSACTIONS
OF

a
R

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

240 V. BARCILON

Additional interlacings can be obtained by means of the quadratic identity (3.30). Indeed,
setting x = 0 and w = w, in (3.30), we see that

Y(0, w2) K(0, w2) — 0%(0, w?) = 0,
which, together with (3.37) implies that

W; < 0; < Wy, < Ogyy. (3.38)

J

0 L
x

Ficure 3. The w?,x-plane. The solid curves A3(x) and A2(x) represent the first and second eigenvalues of the
tiuncated beam spanning the interval (x, L) in the clamped—clamped configuration. The dotted curves
represent the corresponding eigenvalues for the supported-clamped configuration. By considering I(x, A2)
we can show that this arrangement of eigenvalues is not permissible.

Had we set x = 0 and w = 0, in (3.30), we would have obtained
—1(0, 0%) D(0, 0%) — 0%(0, 0%) = 0,
which, together with (8.38) implies that
03 < A < Ogpy < Ay (3.39)

By combining all of these interlacings we can write the grand interlacing

’ A )
L <O <V <y < ( t ) < Op1 < Vyyp < My < ( ”‘) < . (3.40)
W41 Wit
The term (a,;‘jl) indicates that the order between these two eigenvalues cannot be decided. As
we mentioned, the homogeneous beam provides an instance where one can check that the A
and the o do not interlace.
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Clearly, the data ought to satisfy (3.40) for a solution to exist. More specifically, since only
{w,}, {v.} and {u,} are given, the data should satisfy the small interlacing, namely

W <V < fly < Wy < Vy < fig < ... (3.41)

We are prepared, of course, to require that the w, » and g spectra have the asymptotic behaviour
given in (1.38) and perhaps some other gross condition(s) akin to (3.3) for the vibrating string.
But, as we shall soon see, the situation is far more complicated and other conditions must come
into play. Some of these additional conditions arise quite naturally in the process of constructing
the solution to the inverse problem. Therefore, we must examine this process; the first step is
a discretization of the direct problem.

A
fssssmamasma——
m,
) 1o 1o 1 i v
1 L = - T - = = m
X Xo X; v TN+l
Ficure 4. The discrete N-beam. Its structure consists of N clothes-pins located at x,, X2y «vsy xN. These

clothes-pins have masses {m,} and flaccidity { f;} and are connected by weightless, infinitely rigid rods of length {/;}.

3.4. A useful discretization.

The basic idea for solving the inverse problem is to look upon the beam with given spectra

{0, vu,)7 as the limit of a simpler beam with truncated spectra {w, v, t,}¥1 as the number

of eigenfrequencies tends to infinity. ’
Beams with a finite number of eigenfrequencies must have a finite number of degrees of

freedom. Thus, they must be made up by a finite number of point masses. Consequently, their
density structure is of the form

N-1
plx) = E,l m;0(x—x;). (3.42)

The structure of the flexural rigidity is not dictated as clearly. One useful approximation is

1 N
-r—(-x—) = Elﬁ Sx—x,). (3.43)

I have discussed already such discrete N-beams (Barcilon 19794, b): they can be thought of
as being made of N+ 1 weightless segments of length {/}) and of infinite rigidity, connected
by clothes-pin-like devices of mass {m}{'~* and ‘flaccidity’ (or limpness) {f,}{' (see figure 4).
These elastic joints are located at {x;} where

xi_‘,_l—xi = l’l’ i = 0, 1, ceny N. (3.44)
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242 V. BARCILON

It is important to realize that the structure (3.42) of the density is solely responsible for the
finite number of eigenfrequencies of the resulting beam. The structure (3.43) of the flaccidity
is chosen for convenience. In fact, other forms could have been chosen that might indeed be
preferable in other problems. For instance, we could have written

1/r(x) = 1/r,y for =z, < x < x

i.e. we could have considered the weightless segments to have finite constant rigidity.
Using steps similar to those in Barcilon (19794) we can deduce that the discrete auxiliary
variables satisfy the following difference equations:

I = L +f; Y, (3.454)
Yy = Y+l 1O+l q Ty (3.45)
Ji=Jia+li K, (3.45¢)
0; = 0,1 +1; 1K, 1, (3.454)
K; = K; 1 +f;D;— w?m; I _y, (3.45¢)
D, = D, ,—w*m; Y, (3.45f)

We can check that the discrete version of the quadratic identity (3.30), namely
-ILD;+Y,K,—0% =0 (3.46)
is compatible with the equations (3.45). Equation (3.46) takes into account the fact that
J; =0, (3.47)
which follows from (3.45¢), (3.45d) and the end conditions
Iy=Yy=Jy=0y=Ky=Dy—1=0. (3.48)

Even though the generic N-beam under discussion has a length xy,;, we ended up applying
the boundary conditions at xy. In fact, the length of the last infinitely rigid, weightless segment
Ly as well as the mass of the last clothes-pin my do not enter into the equations of the discrete
beam. This is a consequence of the clamped boundary conditions at the right end. Indeed, the
last segment remains stationary during the vibration. Similarly, the last clothes-pin flexes but
does not move up or down. This situation is reminiscent of that for the pathological beams
previously discussed.

Starting from the values of the discrete auxiliary variables at ¥ = x5 and making use of
(3.45), we can show that [;(w?) is a polynomial in w? of degree N —i—2 whereas Y;(0?), 6,(0?),
K;(0?) and D w?) are polynomials of degree N—i—1. In particular, at the point x = 0
associated with ¢ = 0, we have

Yy(0?) = — [ﬁ:: 2 ﬁ] Zr;[i (1 _;"T;) (3.490)
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N JN-1 w2
Ky(0?) = —[Zﬂ] I1 (1——5), (3.494)
1 n=1 On
N—1 w?
Dy(w?) = 11 (1——5). (3.49¢)
n=1 Wy,

These expressions are the discrete analogues of (3.27). We are now in a position to outline a
program for solving the inverse problem. Given the impulse response, i.e. given {w,, v,, #,}3,
F, and F,, we shall attempt to construct that N-beam whose eigenfrequencies are {w,, v,, #,}¥ !
and such that N N

%} X fi = Iy, ? x3f; = F. (3.50)

In other words, given the 3N — 1 bits of data {w,, v,, #,}2 %, F, F, we set out to find the 3N —1
unknowns {x;}, {m}{"", {3}

3.5. Construction of Iy(w?) and Ky(w?)

With the given data, we can construct the polynomials Yy(w?), @y(w?) and Dy(w?). By means
of the polynomials and the quadratic identity (3.46) for { = 0, we can find the value of [, at
N —1 points. Indeed, by setting @ = g, in (3.46) we deduce that

IO(:“’%L) = —@%(ﬂi)/po(/ﬁz)s n=1, 2, ceey N-1. (3'51)
Iy(w?), which as indicated by (3.49) is a polynomial of degree N —2, is therefore completely
determined: N1 _ : _
B L (=) (=53]
Ij(w?) = — b 1—— 1-22) . (3.52
@) == Z Dy LI ) B :

Note that the zeros of the above polynomial are real and positive. Indeed, since w; and u;
interlace, the terms in the sequence {Dy(u5)} ! alternate in sign. As a result the sign of I,(43)
alternates with n. We shall denote the zeros of I,(»w?) by {A{M}¥~2, the superscript N being used
to remind us that these eigenvalues are associated with the N-beam. We shall drop this super-
script whenever there is no possible source of confusion.

We have just outlined a procedure for finding the eigenfrequencies of the N-beam in the
clamped-clamped configuration. The fact that we can find these eigenfrequencies is not
surprising since F,, F, and {w,, v,, #,}¥ ! define the N-beam completely. What is surprising
is that we can do it without having to first solve for the structure of the N-beam! In the same
way, we can deduce Ky(w?) and its zeros. We should point out that the fact that we were
successful in determining Jj(w?) and Ky(w?) is related to the way in which the given spectra
entered into the quadratic identity. As discussed in Barcilon (19794) three spectra and two
gross constants are sufficient to determine a non-pathological beam, provided that these
spectra are sympathetic, i.e. provided that they are such as to yield two other spectra from the
quadratic identity.

Having established the interlacing of {#,}¥~! and {A{M}V~2 i.e.

p < A < o< AW, < puyog (3.53)
we can establish similarly that
0w, <oV < ... <oy, <o (3.54)

and ™ < A < ... <A, < o, (3.55)


http://rsta.royalsocietypublishing.org/

'

A A

g \\
/%
JA \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N

YA \

Yam \
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

244 V. BARCILON

To these interlacing relations, we can add those that the data must satisfy, i.e. the small inter-
lacing (3.41), or rather

W <V < Yy < oo <Oy_3 < Vy_g < fin_g (3.56)

However, the grand interlacing (3.40) is equivalent to nine interlacing conditions; we are
missing the following three:

oM < v <o < oWV < vyl (3.57a)
oM < gy < o < oMy <y, (3.570)
and v < A < o< A, < vy, (3.57¢)

These three interlacing conditions are related to each other. In fact, (3.57¢) implies (3.574)
and (3.57b). One can see this by writing the quadratic identity as follows:

Io(V) Dy(vi) = Yo(v}) Ko(v7). (3.58)

Then (3.57¢), together with (3.56), implies that Ky(v%) alternates in sign, i.e. (3.574) holds.
In addition, (3.574) and (3.54) imply (3.574). Thus, we only need to focus our attention on
(3.57¢). This interlacing condition cannot be deduced from (3.56). Therefore, not all interlacing
sequences {0, )Y, {v,}¥"1 and {p, -1 are bona fide spectra of an N-beam. (This is to be contrasted
with the situation for an N-string.) To be such, these sequences must satisfy the additional

constraints
(=1)"L(v;) <0, n=1,2,..., N-1, (3.59)
or, in terms of the data,

nN—l N—-1 pA\2 N1 2 N—1 p2\ N1 2
o [ (=) (=) /[ (-5 ()] <o

3.6. The stripping procedure

Let us assume that we have determined I (w?) and K,(»?), and that A" and o thus found
satisfy all the necessary interlacing conditions. The next step consists of writing (3.45) for
¢ = 1 as follows:

— 0y(02) /Ky () = Iy — O (?)/Ko(w?), (3.604)
YV (02) = Yo(?) + 1, O0(0?) + 1,0, (w?), (3.600)

— L) /() = fi— L (0?) /Y (w?), (3.60¢)
Dy(02) /Yy (0?) = my0?+ Dy(02)/Yy(0?), - (3.604)

Ky (0%) = Ko(02) +£,Dy(02) —my 02y (0?). (3.60¢)

If we divide — @,y(w?) by K,(w?), these being two polynomials of the same degree, the quotient
is a constant /, and the remainder a polynomial of degree N —2 in w?, namely ©,(»?). Knowing
[, and O,(w?), we can find Y;(w?). Dividing next I(»?) by —Y;(»?), these once again being
two polynomials of the same degree, we infer the quotient f; and the remainder ;(®?). Simi-
larly, by dividing Dy(w?) by ¥;(w?) which is of lower degree, we obtain the quotient m; w?* and
the remainder D,(w?). Finally, we can evaluate K;(»?) and start the cycle over again.
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We postpone a discussion of this formal construction procedure until later and simply
remark at this stage that by setting @ = 01in (3.604), (3.605), (3.60d) and (3.60¢) we would get

Dy(0) = 1, )
N
Ky(0) = ~FM+f, = =31,

N
0x(0) = Fi=lbF§ = 3 (s~ L (3.61)
1(0) = - Fy+ 20— BEY,
N
= -3 (= l)a

N
where FN =3 f..
1
The function 1,(0) can be deduced from the quadratic identity
N N N 2
L) = 343 (- fim |2 (-l £ -

These expressions are similar to those for Dy(0), ..., I,(0) except for the fact that the first
segment as well as the first clothes-pin are missing. Thus, by means of this procedure we have
‘stripped-off’ a small segment of the beam. This is reminiscent of other inverse problems such
as in seismic prospecting where this stripping-off is usually made in the time domain (Berkhout
& van Wulfften Palthe 1979).

3.7. The Stieltjes theorem

The procedure we have outlined is formal since it does not necessarily yield values of /;, m;
and f; that are positive and hence physically meaningful. Indeed, numerical experiments made
with spectra satisfying the grand interlacing have revealed that conditions (3.41) and (3.59)
are not sufficient to guarantee the positivity of the physical characteristics of the N-beam. In
contrast, the interlacing (3.2) is sufficient to guarantee the positivity of the density of the
corresponding vibrating string. This is a direct result of a theorem of Stieltjes which we can
state as follows.

Part 1. If 0 < B, < a; < ... < fy_y < &y, then

(-0 () - [ (-5 () e
where >0
and o < Vi < Py, t=1,2,..,N=-2 (3.63)
Part 2. If 0 < ff; < y1 < ... < Yy_a < P_1, then
(7)) (=) - e [ (-5 [ (-5)] o
where | m>0
and Bi< <y, i=1,2,...,N-2, (3.65)
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We can apply part 1 of Stieltjes’s theorem to (3.604) to show that /, > 0. In fact

F, N=1 g2

"Rm Lo (5:60
N=1,2
or, equivalently, ly = —% JL % . (3.67)

Both of the above expressions for io are compatible on account of the quadratic identity. Also,
if we denote the zeros of @,(w?) by {1;2}¥-2, then (8.63) implies that
V; < V,:: < Ol i = 1, 2, ey N-2, (3.68)
Eliminating /, from (3.605), we get
6i(?) , 6}(0?)

Yi(0?) = Yy(0?) _I_((,_(a;—‘«’)+Ko(w2)’

which, because of the quadratic identity, we can also write as

Lo(w?) Dy(0?) | OF(e?)

L) = TR T Rywd)

By setting @ = A, in the above equation, we deduce that

63(A3)

YI(A%) = KO(A%) ’

i=1,2 .., N-1,
Since o, and A; interlace, Ky(A2) changes sign as ¢ goes from'1 to N — 1. Consequently the zeros
n; of Yy (w?) and A; interlace. In fact, we can show that

B < Ay < oo < Py_g < Ang. (8.69)

This is the condition that is necessary if we were to apply part 1 of Stieltjes’s theorem to (3.60¢).
As a consequence it follows that f; > 0 and that

Ay <X < phyy i=1,2 .., N=3. (3.70)
(N) . _F2N=2 ;,’2
In fact fi= Ii’-%-ﬁl b (3.71)
. 2 n=1 “n
j N
where Fi =3 (x,—1,)%:
2
A more useful expression for f; can be obtained by writing (3.45¢) thus:
‘ K, = Ko +/iDy—w*my 1,
from which we deduce that
o 9
fl = Fo ) H N2 (3'72)
n=1 On ,

Incidentally, as a result of the interlacing between w, and o{», f; is smaller than F{™. Hence
K,(0) as given by (8.61) is negative. In the same vein, (3.66) shows that [,F{™ is smaller than
F, and hence 0,(0) as given by (3.61) is positive. Finally, in this same formula, ¥;(0) can be
seen to be negative. In summary

K, (0) <0, 6,(0) >0, Y,(0) <0, (3.73)
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i.e. they have the same signs as Ky(0), ©,(0) and Y;(0) respectively. We next turn to the
equation (3.60¢) for K, and proceed to eliminate f; and m, from it. In other words, we write

it thus: -1 D.—D
1 0

pr— 0 ——
K, = K,+ Y, D, Y,

2 ]03

which after simplifications brought about by the quadratic identity for ¢ = 1, becomes
—Dyly+ Y1 Ky— 0% = 0. (3.74)
Setting @ = p; in this hybrid quadratic identity, we see that
Do(ui?) = — O3 () [ Lo(17?)-
Making use of (3.69) we deduce that
W < fp < Wy, t=1,2, ..., N=2, (8.75)

We are now in a position to apply part 2 of Stieltjes’s theorem to (3.60d). As aresult m; > 0and

w; < Wy < py, t=1,2 .., N-2 (3.76)
1 [N-2 N-1

In fact my = 7 [ T 2] 11 w%,] (3.77)
2 Ln=1 n=1

For the record, we also write an alternative formula for m,, namely

F® N—z/\m2 No1
= ' o . 3.78
| L T (8.78)

n=1

my

We can derive two more interlacings by setting w equal to w; and A; in the quadratic identity.

The / ;
1ese are Wy < o) <w,, i=12 .., N-2 (3.79)

and O < A < 04, 1=1,2 ..., N-2, (3.80)

In summary, starting with the polynomials j(w?), ..., Dy(w?) whose zeros satisfy the grand
interlacing (3.40) we can deduce

(1) 1, f1 and m,, which are positive,

(ii) new polynomials 7;(w?), ..., D,(w?) of lower degree; these polynomials have the same
structure as the original ones at © = 0. However, their zeros satisfy only four interlacing
conditions. These conditions are

M <AL < o < Ay < Mg
0p <AL < oo < Ay_g < Oyg, 5 81
W] < fy < oo < Wy_g < fty_gy (8.81)
W] < 0y < oo < Oy_y < Oy_ge

Thus, we do not close the cycle: other conditions must be placed on the data to insure that
the eigenvalues of the ‘stripped’ beam satisfy the grand interlacing.

3.8. The limit N - oo

We would like to examine whether or not the sequences {p¥)(x)} and {r¥)(x)} converge,
where

1
) = X mfp(x ),
i=1
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1
N) @)
and TG = fﬂ O(x—x),

We shall assume that the beam has a finite length, i.e.
L = lim x{", (3.82)

N—
. . N-1
or, equivalently, = lim X I™, (3.82")
Now i=0

B N2
Fy a2
FiyN-2 2
Fi n=1 /41;2
If the data are such that (3.82) holds, then we can define

where IV =

™M = etc.

L d; .
F(x) = L ) (3.83)
L
and v M(x) = J‘ (L—1t)2p(t)dt. (3.84)
Clearly, the Nth approximations of these functions are
N
FM(x) = 3 i (3.83)
xiZT
N
and L MW(x) = B (k=N 2, (3.84')
>z

From their definitions, # ™)(x) and .#™)(x) are non-increasing functions of x. In fact

FWN(x) < FM, (3.85)
We can express F{V in terms of the data by writing (3.52) as follows:
+5(0)
(N) — 0
A = Fr gl
F? Fz NoU[N=t| gl -1 pe| N=1 42
or FM = 24+ [ 2 / 1-'= ——3‘]. 3.86
‘ F, Fz n=1 kHl Vi H o} kl;[n uE ( )
o © 2|2 2
Therefore, if > [1'[ b l'[ ”" H —&2‘] < 00, (3.87)
n=1 Lk=1 Vi OF | kv HE
then the limit of F{™ as N tends to infinity exists, i.e.
Fy, = lim F™ (3.88)
N—o
and this limit provides an upper bound for & W)(x), i.e
FWN(x) < F, for 0 <x < L and for every N. (3.89)

Similarly, the functions {#)(x)} are also bounded above. We can see this as follows. Let us
substitute the series representations for Y(x, w?) and D(x, w?), namely

Vs ) = i) [ [ a0 5 (1m0 o)
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and D(x, w?) = r¥(L) [1+ % (=1)"d,(x) w2n]
n=1

in the auxiliary equation (3.25f). Then the linear terms in w? yield

, L (1= x)?
di==p] w4

ie. dy(x) = f: p(t)dr LL (‘;EZ)'th. (3.90)

Confronting this result with the product representation of D(x, w?) given in (3.27'¢), we

conclude that o I L (+_ 42
= i=f p(t’)dt'f (Und DR
v

ne1 W} 0 7(t)
or, after interchanging the order of integration,
o 1 L dg ft
— = e t—x)2p(x)dx. 3.91
Zag - [ i), e (390

Since 1/r(¢) is integrable for ¢ in (0, L) we conclude that

t
f (t—x)2p(x)dx < oo.
0
As a result A (0) exists and

M (x) < M(0) for 0 < x <L andforall N, (3.92)

Therefore, the non-increasing sequences of functions {# ™(x)} and {#®)(x)} are bounded
above. Hence, according to Helly’s selection theorem (see, for example, Natanson 1955,
p- 220), we can extract from these sequences two subsequences that converge for all x in
(0, L) to two non-increasing functions. In view of the uniqueness theorem, these limit functions
must be the functions & (x) and .#(x) associated with the non-pathological beam. Finally,
p(x) and r(x) are obtained after differentiation.

4, CONCLUDING REMARKS

We saw that the information contained in the impulse response is equivalent to the three
sympathetic spectra {w,}, {v,} and {x,}, and the two moments of the flaccidity F; and F,.
We also saw that the information contained in the impulse response does not, strictly, determine
a single beam. Rather, it determines a class of beams: all the beams in this class have the same
oscillating portion, but they differ over that rear portion of their lengths which is stationary.
This stationary portion is made up of a weightless rod of infinite rigidity. I was surprised by
the fact that the massive wall in which the beams are embedded is not part of the ambiguity.

The uniqueness proof has the drawback of requiring that p(x) and r(x) be differentiable
functions. This is doubly regrettable: first because the degree of smoothness of p(x) and r(x)
is not easy to infer from the data and secondly because discontinuities are likely to occur in
the more difficult geophysical problem for which the beam is to serve as a guide. Ideally,
these smoothness requirements ought to be relaxed. To that effect, it would be desirable to
derive the uniqueness result from the construction, i.e. to show that the approximations form
a Cauchy sequence.
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Our discussion of the inverse problem was made entirely in the frequency domain. Yet
the stripping procedure, which unravelled progressively the structure of the beam, is a reminder
of the presence of a wave propagating along the beam. In spite of this time-domain intrusion,
I believe that the frequency approach is best suited for the inverse problem at hand. Indeed,
the continued fractions reliance on the w-dependence shows very clearly the advantage of
working in the frequency domain. In addition, the theories of entire functions and of oscillating
kernels provide some very powerful tools for the investigation of the problem in the frequency
domain.

The actual construction of the solution required a discretization of the original problem.
This discretization is an essential step which cannot be by-passed. Indeed, the global condition
(3.87) is a direct result of this apparent detour. The same remark holds for the vibrating string:
the global condition (3.3) is a consequence of a discretization followed by the limiting
process N — co.

The existence of the solution to the inverse problem is tied to very stringent interlacing
conditions on {w,}, {v,} and {x,}. These conditions are such as to guarantee that the spectra
{0,(x)}, ..., {A,(x)} for the truncated beam spanning the interval (x, L) satisfy the grand
interlacing. Rather than having to check at each step of the construction whether the grand
interlacing is satisfied, it would be desirable to have explicit ways of testing, from the outset,
whether the data are bona fide. ‘

In the investigation of the limiting process N — co, the length L of the beam was assumed
to be finite. This convenient assumption is not essential. Very minor modifications are needed
to handle the infinite beam since the Helly selection theorem can still be used.

Finally, our analysis dealt exclusively with the beam in the free-clamped configuration.
For other vibrating configurations, the details of the results would be modified: for instance,
the impulse responses would be equivalent to other trios of sympathetic spectra, and the gross
constants would not necessarily be related to moments of the flaccidity. However, the approach
to the questions of uniqueness, existence and construction that was used in the present paper
ought to be applicable for general boundary conditions.
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